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Abstract— We formulate a general class of restless multiarmed bandits with n independent and stochastically identical arms. Each arm is in a real-valued state s ∈ [s0 , smax ].
Selecting an arm with state s yields an immediate reward
with expectation R(s). The state of the arm that is selected
stochastically jumps from its current value s to either smax
or s0 with probability p(s) or 1 − p(s) respectively. The
state of the arms that are not selected evolve according
to a function τ (s). We prove that if τ (s), p(s), and R(s)
are all monotonically increasing affine functions, and τ (s)
is a contraction mapping, the simple myopic policy, which
selects at each time the arm with the highest immediate
reward, is optimal. This generalizes recent results in the
literature pertaining to arms evolving as two-state Markov
chains.

I. I NTRODUCTION
Multi-armed bandit (MAB) are a class of stochastic
decision problems concerned with selecting from several
alternatives at each time, in order to maximize the expected discounted or average reward obtained over some
horizon, possibly infinite. They arise in a wide range of
settings involving online learning and sequential control
[1]. As the number of options that may be selected
at each time are limited, and the reward process is
typically stochastic, there is a fundamental trade-off in
these problems between exploration and exploitation.
In the classical Bayesian rested multi-armed bandit
problem, a single arm is selected to play at each time,
and a state-dependent reward is obtained. The state of
the played arm changes according to a known Markovian
rule, while the remaining arms remain frozen. In [2],
Gittins showed that the optimal policy has an index
structure for classical MAB. Specifically an index can
be assigned to the state of each arm, and the optimal
policy is playing an arm with the largest index at each
time. This index is referred to as the Gittins index [3].
Peter Whittle introduced the Bayesian restless multiarmed bandit (RMAB) problem [4], a generalization in
which the state of all arms evolve in Markovian fashion

at each time (even those that are not selected). Whittle
showed that for RMAB, an index policy is not in general
optimal. He proposed a Gittins-like index and showed
it is optimal under a constraint on the average number
of arms that can be played at each time. It has been
shown that this class of problems is in fact PSPACEhard [5]. Therefore the literature on these problems has
emphasized the design of approximation algorithms ([6],
[7], [8]) or the identification of special classes of RMAB
for which particular heuristics are optimal ([9], [10],
[11], [12]). Our contribution in this paper is of the latter
type: we describe a general class of RMAB for which a
simple index policy is optimal.
The simplest index policy is the myopic policy which
ignores the impact of the current action on the future
reward, and focuses on maximizing the current reward.
For a specific opportunistic spectrum sensing RMAB
problem arising in the domain of cognitive radio networks, recently several researchers ([10], [11], [12])
have shown that the myopic policy is optimal under
certain conditions.
In this work, we formulate and consider a general
class of restless multi-armed bandits with n independent
and stochastically identical arms. Each arm is in a realvalued state s ∈ [s0 , smax ]. Selecting an arm with state s
yields an immediate reward with expectation R(s). The
state of the arm that is selected stochastically jumps from
its current value s to either smax or s0 with probability
p(s) or 1 − p(s) respectively. The state of the arms that
are not selected evolve according to a function τ (s). We
show that if τ (s), p(s), and R(s) are all monotonically
increasing affine functions, and τ (s) is a contraction
mapping, the myopic policy is always optimal.
Our result is a significant generalization of the work
in [10], [11] and [12], as the conditions under which a
myopic policy is found to be optimal in those papers
correspond to a specific setting of our formulation.
Specifically, [10], [11] and [12] address a problem in

which the arms can be in “good” or “bad” state and
s is the conditional probability of jumping to the good
state, s0 = p01 , smax = p11 . Then p(s) and R(s) are
both simply equal to s, and τ (s) has a particular affine
linear form obtained from a Bayesian belief update that
satisfies the contraction criterion whenever the Markov
chain for each arm is positively correlated.
In [13], the authors consider a class of reset processes
that is related to our formulation. They show that the
Whittle index can be computed for this class in closed
form and is equivalent to the myopic policy, and present
new results on its optimality in the asymptotic regime
when the ratio of the number of arms selected at each
time to the total number of arms tends to zero. They also
extend prior results on optimality of the myopic policy
in the finite regime for 2-state Markov chains, allowing
for time-inhomogeneous chains and time-varying arm
constraints. In contrast, our work focuses on the optimality of the myopic policy in the finite regime for a
larger class of problems than two-state Markov chains.
The remainder of this paper is organized as follows. In
Section II, we formulate our problem. In Section III, the
optimal policy and the myopic policy are described. In
Section III, we prove that in our case the myopic policy
is optimal. Finally we conclude the paper in Section V.
II. P ROBLEM F ORMULATION
We consider a restless multi-armed bandit problem in
which only one arm can be played at each time. Assume
there are n independent and statistically identical arms.
Each arm is in a state changing over time, either played
or not. After playing an arm, a reward can be achieved
as a function of the state of played arm. The problem
is to find an optimal policy of sequentially playing
arms which maximizes the expected discounted reward
achieved over finite horizon.
The finite horizon is denoted by T and time steps are
indexed by t = 1, 2, ..., T . The state of arm j at time
t, is given by sj (t) ∈ R, j = 1, ..., n, and the vector
s̄(t) = [s1 (t), s2 (t), ..., sn (t)] denotes the state of the
system at time t. We have the following assumptions:
• The state of the arms can be any real number
between s0 and smax , the lowest and the highest
achievable state, respectively, i.e. s0 ≤ s ≤ smax .
• The expected reward collected by playing the arm
a at time t, is a function of the state of that arm,
denoted by R(sa (t)).
• After playing the arm a, its state jumps to smax
with probability p(sa (t)); otherwise it jumps to s0 .
Then p(s) is the probability of jumping from state
s to smax which is a function of the state of played
arm.

The state of not-played arms will be changed as a
deterministic function of their states, i.e. sj+1 (t) =
τ (sj (t)), j 6= a.
Briefly the state transition of the arms upon playing arm
a is governed by the following:
•

sj (t + 1)


smax
= s0


τ (sj (t))

w.p. p(sj (t)), if j = a
w.p. 1 − p(sj (t)), if j = a
w.p. 1, if j 6= a

∀j = 1, ..., n,

(1)

For compactness we use an operator Γ for the state
evolution of all arms described by (1) in a vector format.
Γ is applied on the state vector s̄(t), upon playing arm
a, as follows:
Γ(s̄(t), a)
(
[τ (s̄a−1
(t)), smax , τ (s̄na+1 (t))] w.p. p(sa (t))
1
=
a−1
[τ (s̄1 (t)), s0 , τ (s̄na+1 (t))]
w.p. 1 − p(sa (t)),
(2)
where s̄kj (t) is the vector [sj (t), ..., sk (t)], and
τ (s̄kj (t)) = [τ (sj (t)), ..., τ (sk (t))], for 1 ≤ j ≤ k ≤ n.
We assume the player uses a Markovian deterministic
policy π which maps the current state vector, s̄(t), to the
action of selecting a particular arm at time t. We denote
this policy by the vector π = [π(1), π(2), ..., π(T )]
where π(t) = a ∈ {1, 2, ..., n} means that the arm
a is selected to play at time t. This is not restrictive
because the current state vector is a sufficient statistic for
the entire of observation history due to the Markovian
dynamics of the underlying system.
The problem is maximizing the total discounted expected reward achieved in a finite horizon, over all
admissible policies π. This maximization problem is
written as follows:
T
X
max JTπ (s̄) = max E π [
β t−1 R(sπ(t) (t))|s̄(1) = s̄],
π

π

t=1

(3)
where 0 ≤ β ≤ 1 is the discount factor and s̄ is the
initial state of the system. Note s̄ is equal to s̄n1 where we
drop both the subscript and the superscript for notational
simplicity. R(sπ(t) (t)) is the immediate expected reward
collected by playing arm π(t).
III. O PTIMAL P OLICY AND THE M YOPIC P OLICY
The optimal policy is the policy π ∗ which maximizes
in (3). Note an optimal policy exists since the
number of admissible policies are finite. This problem

JTπ (s̄)

may be solved using dynamic programming (DP) and
the following recursive equations:
VT (s̄) =
Vt (s̄) =
=

max

a=1,2,...,n

R(sa ),

(4)

π ∗ (s̄) = arg

max {R(sa ) + βE[Vt+1 (Γ(s̄, a))]}

a=1,2,...,n

max {R(sa )

a=1,2,...,n

+ βp(sa )Vt+1 (τ (s̄a−1
), smax , τ (s̄na+1 ))
1
+ β(1 − p(sa ))Vt+1 (τ (s̄a−1
), s0 , τ (s̄na+1 ))},
1
t = 1, 2, ..., T − 1,

(5)

where Vt (s̄), is the value function, or the maximum
expected remaining reward accrued starting from time
t when the current state is s̄. Va,t (s̄), a = 1, ..., n,
is the expected remaining reward accrued by playing
arm a. it has two parts, the immediate expected reward
obtained in time step t, and the maximum expected
remaining reward starting from time t + 1 with the
states updated according to the action a. Note, for all
t = 1, ..., T , Vt (s̄) = maxπ JTπ−t+1 (s̄) with probability
1. In particular, V1 (s̄) = maxπ JTπ (s̄).
A policy π ∗ is optimal if and only if for t = 1, ..., T ,
a = π ∗ (t) achieves the maximum in (4). and (5)
Because computing the optimal policy for a RMAB can
be computationally intractable, there is a motivation to
study the performance of simpler, possibly sub-optimal
policies. One of the simplest policies is the myopic
policy, which ignores the impact of the current action
on the future reward. It focuses solely on maximizing
the expected immediate reward. For problem (3), the
myopic policy under state s̄ = [s1 , s2 , ..., sn ] is given
by
π ∗ (s̄) = arg

max

a=1,2,...,n

R(sa ).

(6)

IV. OPTIMALITY OF M YOPIC P OLICY
In this section, we will show that the myopic policy
is optimal under the following conditions:
C1: p(s), R(s), and τ (s) are monotonically increasing
functions of the state s. A function X(s) is monotonically increasing if
X(s1 ) ≥ X(s2 ) ∀s1 ≥ s2 ,

(7)

C2: p(s), R(s), and τ (s) are affine functions of the
max −p0
state s, i.e., they are in the form of p0 + psmax
−s0 s,
ar + br s and aτ + bτ s, respectively.
C3: τ (s) is a contraction mapping, i.e.,
|τ (s1 ) − τ (s2 )| ≤ |s1 − s2 | ∀s1 , s2 .

to a steady state s∗ ∈ [s0 , smax ], (as per Banach fixed
point theorem, [14]).
Using C1, the myopic policy of (6) is simplified to

(8)

So bτ ≤ 1. Intuitively, this property implies that the state
of an arm, that is not played for a long time, converges

max

a=1,2,...,n

sa .

(9)

The implementation of the myopic policy is as follows. We take the initial state s̄(1) and select an arm
with the highest state. In subsequent steps, we will play
the same arm if its state stays in smax . Otherwise, it
is moved to the lowest priority of playing and we will
play other arm with the highest current state. Since C1 is
satisfied for τ (s), the ordering of the states of not-played
arms is preserved.
Assume Wt (s1 , ..., sn ), t = 1, ..., T indicate nvariable functions with a recursive representation as
follows:
Wt (s1 , ..., sn ) = R(s1 ) + βp(s1 )Wt+1 (smax , τ (s̄n2 ))
+ β(1 − p(s1 ))Wt+1 (τ (s̄1n−1 ), s0 ),

(10)

which is equal to the total expected reward earning by
playing the arm with the lowest index at each time. If
the state of played arm jumps to s0 , we will put it in
nth index, unless keep it in the first index and repeat
playing it for the next step. The state of other arms will
be changed as (2).
Our main result is summarized in the following theorem:
Theorem: Under conditions C1-3, and bτ ≤
1
β(1+β(pmax −p0 )) the myopic policy is optimal, i.e. if we
sort the states such that s1 ≥ s2 ≥ ... ≥ sn , then we
will have:
i−1
n
n
Wt (s1 ,s̄i−1
2 , si , s̄i+1 ) ≥ Wt (si , s̄2 , s1 , s̄i+1 ),

∀t, 0 ≤ t ≤ T, ∀s̄ = [s1 , ..., sn ]

(11)

Proof: To prove the theorem, we will use backward
induction on t. The optimality of the myopic policy at
time T is straightforward from (4). Assuming satifying
(11) at times t, t + 1, ..., T , we prove some equalities
and one inequality, given by lemmas 1-4. In lemma 1
and 2, we show the symmetry and affine linearity of
Wt (s̄). In lemma 3, we drive a simple expression for
the difference between the Wt functions achieved by
switching the playing order of different arms. In lemma
4, we prove that if the state of one arm at time t is
changed, the difference between new Wt function and
the previous one is less than an upper-bound. Using the
lemmas, we will show that (11) holds at t − 1, as well.

Lemma 1: Wt (s̄) is an affine function of the states
and the following equality holds:
j−1 0 n
n
λWt (s̄j−1
1 , s, s̄j+1 ) + (1 − λ)Wt (s̄1 , s , s̄j+1 )
0 n
= Wt (s̄j−1
1 , λs + (1 − λ)s , s̄j+1 )

∀j = 1, 2, ..., n, ∀λ.

(12)

Proof: Affine linearity of Wt (s̄) is obvious from
(10), and C2.
Lemma 2: Wt (s̄) has the symmetry property, i.e.,
0 n
0 j−1
n
Wt (s, s̄j−1
2 ,s , s̄j+1 ) = Wt (s , s̄2 , s, s̄j+1 )

∀ 1 ≤ i ≤ j ≤ n.

(13)

Proof: Since the arms are stochastically identical,
exchanging the index and the state of the playing arm
with another arm will not change Wt .

Wt (s̄1i−1 ,si , s̄ni+1 ) − Wt (s̄1i−1 , s0i , s̄ni+1 )
R(τ i−1 (si )) − R(τ i−1 (s0i ))
≤ β i−1
1 − β(pmax − p0 )
(βbτ )i−1 br (si − s0i )
=
1 − β(pmax − p0 )
∀t = 0, 1, ..., T,
(17)
if si ≥ s0i .
Note pmax and p0 represent the simplified notations
for p(smax ) and p(s0 ), respectively.
Proof: The proof is inductive. For time T it is
straightforward from (4) and the fact that pmax −p0 ≤ 1.
Assuming the inequality (17) holds for t + 1, for time t
we have:
i−1 0 n
n
Wt (s̄i−1
1 , si , s̄i+1 ) − Wt (s̄1 , si , s̄i+1 )
n
= βp(s1 )[Wt+1 (smax , τ (s̄i−1
2 ), τ (si ), τ (s̄i+1 ))
0
n
− Wt+1 (smax , τ (s̄i−1
2 ), τ (si ), τ (s̄i+1 ))]

Lemma 3: For any i = 1, ..., n, we have:

n
+ β(1 − p(s1 ))[Wt+1 (τ (s̄i−1
2 ), τ (si ), τ (s̄i+1 ), s0 )

n
Wt (s1 ,s̄2i−1 , si , s̄ni+1 ) − Wt (si , s̄i−1
2 , s1 , s̄i+1 )
n
= (λ1 − λi ) × [Wt (U, s̄i−1
2 , L, s̄i+1 )
n
− Wt (L, s̄i−1
2 , U, s̄i+1 )],

Wt functions:

(14)

where,
U = τ −1 (smax ), L = τ −1 (s0 ),

(15a)

si = λi U + (1 − λi )L,
s0 − L
smax − L
≤ λi ≤
.
U −L
U −L

(15b)
(15c)

Note τ −1 is the inverse of the function τ .
Proof: From (12) and using (15b), we have:
n
Wt (s1 ,s̄i−1
2 , si , s̄i+1 )
n
= λ1 Wt (U, s̄i−1
2 , si , s̄i+1 )
n
+ (1 − λ1 )Wt (L, s̄i−1
2 , si , s̄i+1 )

− Wt+1 (τ (s̄2i−1 ), τ (s0i ), τ (s̄ni+1 ), s0 )]
(18a)
i−1
0
(βbτ ) br (τ (si ) − τ (si ))
≤ βp(s1 )
1 − β(pmax − p0 )
(βbτ )i−2 br (τ (si ) − τ (s0i ))
+ β(1 − p(s1 ))
(18b)
1 − β(pmax − p0 )
We get (18a) from (10). Then, from C1 for p(s) and
(17) at time t + 1, we get (18b). Then we have:
i−1 0 n
n
Wt (s̄i−1
1 ,si , s̄i+1 ) − Wt (s̄1 , si , s̄i+1 )
(βbτ )i−1 br bτ (si − s0i )
≤ p(s1 )
1 − β(pmax − p0 )
(βbτ )i−1 br (si − s0i )
+ (1 − p(s1 ))
(19a)
1 − β(pmax − p0 )
(βbτ )i−1 br (si − s0i )
≤
(19b)
1 − β(pmax − p0 )
The equality (19b) is achieved from C2, i.e. bτ ≤ 1.

n
= λ1 [λi Wt (U, s̄i−1
2 , U, s̄i+1 )

Two functions in the right side of (14) at time t − 1
can be computed from (10), as following:

n
+ (1 − λi )Wt (U, s̄i−1
2 , L, s̄i+1 )]

+ (1 −
+ (1 −

n
λ1 )[λi Wt (L, s̄i−1
2 , U, s̄i+1 )
n
λi )Wt (L, s̄i−1
2 , L, s̄i+1 )].

(16)

n
Wt (si , s̄i−1
2 , s1 , s̄i+1 ) in the same way
i−1
it from Wt (s1 , s̄2 , si , s̄ni+1 ), due to

After computing
and subtracting
(13) the similar terms are cancelled, and the result
follows.

n
Wt−1 (U, s̄i−1
2 , L, s̄i+1 )
n
= R(U ) + βp(U )Wt (smax , τ (s̄i−1
2 ), s0 , τ (s̄i+1 ))

+ β(1 − p(U ))Wt (τ (s̄2i−1 ), s0 , τ (s̄ni+1 ), s0 ),
(20a)
n
Wt−1 (L, s̄i−1
2 , U, s̄i+1 )
n
= R(L) + βp(L)Wt (smax , τ (s̄i−1
2 ), smax , τ (s̄i+1 ))

lemma 4: If we change the state of ith arm at time t, the
following upper bound hold for the difference between

n
+ β(1 − p(L))Wt (τ (s̄i−1
2 ), smax , τ (s̄i+1 ), s0 ),
(20b)

where we substitute τ (L) and τ (U ) with s0 and smax ,
respectively, as defined in (15a). Then by substituting
(20a) and (20b) in (14), we obtain:

n
X ≥ β(p(U ) − p(L))[Wt (τ (s̄i−1
2 ), s0 , τ (s̄i+1 ), smax )

− Wt (τ (s̄2i−1 ), smax , τ (s̄ni+1 ), s0 )]

(24a)

n
≥ β(p(U ) − p(L))[Wt (τ (s̄i−1
2 ), s0 , τ (s̄i+1 ), s0 )
− Wt (τ (s̄2i−1 ), smax , τ (s̄ni+1 ), s0 )]
(24b)
br (βbτ )i−1 (smax − s0 )

i−1
n
n
Wt−1 (s1 , s̄i−1
2 , si , s̄i+1 ) − Wt−1 (si , s̄2 , s1 , s̄i+1 )

= (λ1 − λi )[R(U ) − R(L)

≥ −β(p(U ) − p(L))

n
+ βp(U )Wt (smax , τ (s̄i−1
2 ), s0 , τ (s̄i+1 ))
n
+ β(1 − p(U ))Wt (τ (s̄i−1
2 ), s0 , τ (s̄i+1 ), s0 )
n
− βp(L)Wt (smax , τ (s̄i−1
2 ), smax , τ (s̄i+1 ))]
n
− β(1 − p(L))Wt (τ (s̄i−1
2 ), smax , τ (s̄i+1 ), s0 )
(21a)

= (λ1 − λi )[R(U ) − R(L)
n
− β(1 − p(U ))[Wt (τ (s̄i−1
2 ), smax , τ (s̄i+1 ), s0 )
n
− Wt (τ (s̄i−1
2 ), s0 , τ (s̄i+1 ), s0 )]
n
− βp(L)[Wt (smax , τ (s̄i−1
2 ), smax , τ (s̄i+1 ))
n
− Wt (smax , τ (s̄i−1
2 ), s0 , τ (s̄i+1 ))]]
n
+ β(p(U ) − p(L))[Wt (smax , τ (s̄i−1
2 ), s0 , τ (s̄i+1 ))
n
− Wt (τ (s̄i−1
2 ), smax , τ (s̄i+1 ), s0 )].

We can have an upper bound for that:

(21b)

(21b) follows from straightforward manipulations. Applying (17), we obtain:

1 − β(pmax − p0 )

(24c)

where (24a) comes from using the result of theorem
at time t and switching the position of smax with all
indexes 2, 3, ..., n. For (24b) we use the fact that Wt is
monotonically increasing in all states. Finally by Lemma
4 we get (24c).
So by using (24c) in (22c), we have:
i−1
n
n
Wt−1 (s1 , s̄i−1
2 , si , s̄i+1 ) − Wt−1 (si , s̄2 , s1 , s̄i+1 )
λ1 − λi
[br (U − L)(1 − βbτ )
≥
1 − β(pmax − p0 )
− β i (p(U ) − p(L))br (βbτ )i−1 (smax − s0 )]
λ1 − λi
=
br (U − L)
1 − β(pmax − p0 )
[1 − βbτ − β i bi−1
τ (pmax − p0 )]
λ1 − λi
≥
br (U − L)×
1 − β(pmax − p0 )
[1 − βbτ (1 + β(pmax − p0 ))]
(25)

≥0
n
Wt−1 (s1 , s̄i−1
2 , si , s̄i+1 )

−

n
Wt−1 (si , s̄i−1
2 , s1 , s̄i+1 )

≥ (λ1 − λi )[R(U ) − R(L)
br (smax − s0 )
− β(1 − p(U ))
1 − β(pmax − p0 )
br (smax − s0 )
+ X]
(22a)
− βp(L)
1 − β(pmax − p0 )
= (λ1 − λi )×
R(U ) − R(L) − βbr (smax − s0 )
+ X] (22b)
[
1 − β(pmax − p0 )
br (U − L)[1 − βbτ ]
= (λ1 − λi )[
+ X] (22c)
1 − β(pmax − p0 )
where we use C2 to conclude that (R(U ) −
R(L))(pmax − p0 ) − br (smax − s0 )(p(U ) − p(L)) = 0
and (15a). X is as follows:

n
X = β(p(U ) − p(L))[Wt (smax , τ (s̄i−1
2 ), s0 , τ (s̄i+1 ))
n
− Wt (τ (s̄i−1
2 ), smax , τ (s̄i+1 ), s0 )],

(23)

From s1 ≥ si and C1, we have λ1 − λi ≥ 0 and U −
L ≥ 0. Using the fact that β ≤ 1, and βbτ ≤ 1 from
C3, we got (25) we reach (25). Then with applying the
1
assumption of theorem, i.e., bτ ≤ β(1+β(pmax
−p0 )) the
proof is complete.
V. CONCLUSION
Restless multi-armed bandit problems have long been
known to be challenging to solve. Recent results in the
literature [10], [11], [12] have identified special cases
for which the simple myopic policy is optimal. Our
results in this work have generalized these prior results
beyond the specific setting of two-state Markov chains.
We have shown that the myopic policy is optimal for
reset processes with monotone affine state evolution
and reward functions, where the evolution of the nonselected arms corresponds to a contraction mapping.
There are several avenues for future work. Using
techniques from [15], we can easily extend the results in
this paper to the selection of multiple arms at each time.
In [16], the authors present three sufficient conditions
under which the myopic policy is optimal for the RMAB
problems involving 2-state Markov chains, including

some cases involving non-identical arms. It would be
of interest to consider whether such an approach could
be applied to extend our results to show the optimality of
myopic policy for non-identically evolving arms (under
some additional conditions). We are interested in investigating the optimality of the myopic policy under further
generalizations such as non-affine evolution and multidimensional states. We are also interested in identifying
conditions for related problems where the myopic is not
necessarily optimal but some other efficient, possibly
index-based, policy is optimal.
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